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Abstract

A stability and efficiency improved class of generalized Runge—Kutta methods
of order 4 are developed for the numerical solution of stiff system kinetics
equations for linear and/or nonlinear coupled differential equations. The
determination of the coefficients required by the method is precisely obtained
from the so-called equations of condition which in turn are derived by an
approach based on Butcher series. Since the equations of condition are
fewer in number, free parameters can be chosen for optimizing any desired
feature of the process. A further related coefficient set with different values
of these parameters and the region of absolute stability of the method have
been introduced. In addition, the A(«) stability properties of the method are
investigated. Implementing the method in a personal computer estimated the
accuracy and speed of calculations and verified the good performances of
the proposed new schemes for several sample problems of the stiff system
point kinetics equations with reactivity feedback.

PACS numbers: 02.30.Hq, 02.30.—x, 02.60.Lj

1. Introduction

Stiff differential equations frequently arise in physical kinetics equations due to the existence of
greatly differing time constants, which almost refer to the rate of decay or change. Initial value
problems with strongly decreasing and increasing solution components with the independent
variable are called stiff problems. The system of the point kinetics equations possesses a stiff
character which include equations that describe the neutron level, reactivity, an arbitrary
number of delayed neutron groups and any thermodynamic variables that enter into the
reactivity equation. Usual integration routines suffer from one or more disadvantages, because
of the different growth of the solution components.
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In recent decades, there has been a considerable amount of research on methods for
numerical integration of the stiff system of ODEs, usually looking for better stability
properties; such methods are nearly implicit in character. In 1972, Butcher [1] published
a valuable article in which he analysed general Runge—Kutta methods on the basis of the
algebra of rooted trees (ART). He showed that the Runge—Kutta methods form a group
(which is called after that Butcher group) and developed explicit expressions for the inverse
of a method or the product of two methods. He also gave an explicit perturbative solution
of nonlinear differential equations, written as a series indexed by rooted trees (now called
B-series). Important developments were then made by Hairer and Wanner in 1974 [2].
Since then, B-series have been used in the analysis of Runge—Kutta methods.

Implicit Runge—Kutta formulae [3-6] have been widely used because of their excellent
stability properties (such as A-stability, A(«) stability, L-stability and B-stability), but the need
for solving nonlinear algebraic equations at each step makes these formulae generally too
costly when considering some huge systems of ODE:s.

Many other attempts have been made in order to reduce the computation cost per
step by considering linearly implicit methods, in this way eliminating the need for solving
nonlinear systems which usually are solved by Newton-type iteration. Such formulae have
the computational advantage that it is necessary to solve only linear system of algebraic
equation at each step. An example of such a scheme is the generalized Runge—Kutta
scheme (GRK) proceeded from Rosenbrock [7], i.e. a Runge—Kutta scheme where the
Jacobian matrix is introduced directly into the coefficients of the Runge—Kutta formula.
This scheme proposed a special class of the Jacobian matrix at each Runge—Kutta stage.
Among the many different GRK-like methods of this type we have the modified Rosenbrock
methods (ROW) [8—11]. However, these formulae that are widely used require the exact
Jacobian at every step; therefore, the computation is costly and from a practical point
of view, such formulae are unattractive. For this reason, extensions of Rosenbrock
methods are fixed for some number of steps so that the computation is reduced [12—-14].
Moreover, Rosenbrock-type methods in which the exact Jacobian is no longer needed
have been considered. The generalized Runge—Kutta methods [9, 12, 15] fall into this
class. For an excellent survey of some of these methods the reader may be referred to
[16].

The point-kinetics equations are a system of differential equations for the neutron
density and for the delayed neutron precursor concentrations (delayed neutron precursors
are radioactive isotopes which are formed in the fission process and decay through neutron
emission). The neutron density and delayed neutron precursor concentrations determine
the time-dependent behaviour of the power level of a nuclear reactor and are influenced,
for example, by controlling the rod position. Computational solutions of the point-kinetics
equations provide insight into the dynamics of nuclear reactor operation and are useful, for
example, in understanding the power fluctuations experienced during start-up or shut-down
when the control rods are adjusted. Recently, a large number of kinetics studies have been
reported [17-24], which modelled the time-dependent behaviour of a nuclear reactor using
the point-kinetics equations.

In this paper, a generalization of the straightforward Runge—Kutta method of order 4
with different A(«) stabilities is developed and applied to integrate stiff ordinary differential
equations. The equations of condition for this class of semi-implicit methods are resolved
inside a wide range of interval taking into consideration that the free parameters (¢ and y) are
specified at different points over a wide range of stability intervals using the idea of inner and
outer iterations. For a specified value of ¢, the inner iteration is carried out on y for some
stated interval whenever A(«) stability is studied. Repeating this process at different values
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of & produces the outer iteration. Furthermore, different stabilities are obtained where the
equations of condition are resolved and applied to the coupled linear and/or nonlinear point
kinetics equations with fuel feedback. The percentage error of the neutron density is estimated
and reported.

This paper is organized as follows. In section 2, the generalized Runge—Kutta (GRK)
method is introduced and modified where the equations of condition are resolved. For further
generalization of the method, new sets of free parameters are introduced and implemented
by embedding inner and outer iterations. The stability of the modified Rosenbrock (ROW)
methods is developed. In section 3, the GRK method with stability group constants is applied
to the linear and/or nonlinear coupled system of the point kinetics equations. Finally in
section 4, to verify the validity and efficiency of the developed method, comparisons are
carried out on the numerical experiments between different analogous methods for step, ramp,
oscillatory reactivity as well as the case in which the feedback reactivity is a function of neutron
density.

2. Generalized Runge-Kutta method (GRK)

A generalized Runge—Kutta (GRK) method for the numerical solution of the autonomous
initial value problem

y'(x) = fly(]l, y(xo) = yo, (D

where y, yo and f in general are vectors in n-dimensional real space, is sought by integrating
from xg to (xo + &), in the form

X0+h

Yisl = Yi + Sly(x)]dx

X0

or, in the equivalent form

Yi+1=yi+ZCjKjv 2

j=1

where the vector K] is determined by solving the s linear equations [7]

i—1 i—1
[ — yhf' GoIKi = hf | yi+ Y aiK; [ +hf'Go) Y viK;  i=1,...5s. 3)

J=1 J=1

Method (3) is called the modified Rosenbrock method, short ROW method [7]; this method
coincides with the corresponding Runge—Kutta method when y;; = 0. The method used a
variable step size, which is estimated by computing the solution y;;; given by equation (2), and
a lower order estimate y,,; with different coefficients C;(s < s) and the same K. Analogous
to the approach followed in the Runge—Kutta Fehlberg methods for nonstiff systems, the
third-order method is combined with a fourth-order method using the same time step size &
to obtain an estimate of the truncation error, which in turn utilized to estimate the next step
control. To compute the vector K; (i = 1,.. ., s) given by equation (3), a linear system of order
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n for four right-hand sides must be solved:
Ky =hBf(yo0)

K>+ (%) K =8B |:hf(yo+a21K1)+ <%> K1i|

2 2 2
K3+ <l> Z 3K, =B |:hf (yo + ZOB@K@) + (l) Z )/3@Ke:| 4)
g =1 Y/
NG 3 R
K4+ <—> Z YaeKe = B |:hf <}’0 + ZOMZKE) + <—) Z )/4zKej|
Y/ =1 Y/ 4
B=[I—hyf' (ol
where y; is the approximate solution at x;, & denotes the step size, f'(yo) is the Jacobian, I is
the (n x n) identity matrix and s is the number of stages. The coefficients y, C;, a;; and y;;
are real numbers and fixed constants independent of the problem.

In 1979, Kaps and Rentrop [9] suggested two different sets of coefficients, which have
slightly different properties. The number of stages s is equal to the order of the method.
The Jacobian f’(yg) is computed by difference approximation and should be replaced by an
analytic version for very sensitive problems.

On the same line, two such cases for the stages s are considered here with s = 3 and
s = 4 (i.e. third-order and fourth-order methods). Fourth- and third-order approximations

denoted by y;4; and y;41, respectively are introduced according to the following formulae.
The ROW method of order 4 given by

S
Yirl = yi + ZQ’K[ for (s=4) (5a)

i=l1

and the ROW method of order 3 given by

N
Virl = i + Z CiK; for (s =3) (5b)
i=l
are combined, where the coefficients y, a;; and y;; i=1,...,s:j=1,...,i—1). Therefore,
K; is the same for both formulae (5a) and (5b). The results of the fourth-order method are
taken as initial guess for the next step. These two methods coincide with the corresponding
conventional Runge—Kutta method when y;; equal zero.

2.1. Equations of condition

The determination of the coefficients required by the GRK method is fairly involved [9]. It
can be said that they are obtained from the so-called equations of condition which in turn are
derived by an approach similar to that followed in the usual Runge—Kutta method, except that
the Butcher series [2] are used instead of the Taylor series. Since the equations of condition
are fewer in number than the unknown, several of these can be chosen as free parameters in
order to determine a complete set of constants. The previous calculations utilized only one
free parameter, while in the present study, new set of parameters (¢ and y) are introduced for
generalizing the method over a large interval. Each particular choice of these parameters leads
to a method whose region of absolute stability can be analytically delimited. Furthermore,
the validity of these parameters enables solving the equations of condition for third and fourth
orders of stability intervals.

The determination of the coefficients y, C;, «;; and y;; required by the method is obtained
by solving equations of condition which are derived in [10] and by applying the theory of
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Butcher series, the equations up to order 5 for y;,; are calculated and listed in the following
table:

Order 1 Order 5 (for truncation error investigations)
YCi=1 © Y Cof=1 (14)
Order 2 ¥ CiatoiBi = 35 — v = pro) (15)
Y Cipi=1-v=p® N Y Cobraifi =5 — v +3v2=pul) (16
Order 3 Z Cia,-a,'ka,% = % (17)
Y Cat=1 ®) Y CwaiuBub = — v +3vi=p3l)  (18)
Y CiBiiBi =+ —v+v:=pa(¥) @) Y CiBia} =55 — 1 = p1a(y) (19)
Order 4 Y CiBaranfr = 35 — 57 +3v> = pis(y)  (20)
Y Cad=1 (10) Y CiBuBuo? = &5 — sy +1v* = pis(y) @n
Y Civiixfx = 5 — 3v = pe(¥) (D Y CiBikBuBmbn = 15 — sv +v> —2y3 +¢*
Y CiBuat =5 — Ly =pr») (12) =pir(y) (22)

S CiBuBubi = 5 — sy + 3y —y3 = ps(y) (13)

where the summation indices i, j, k,[,m = 1,. .., s, and the following abbreviations are used:

o = Yo, Bij = aij +vij,

(23)
Bi = XBij, a;; =y; =0, for i<j

The equations of condition for a third order (i.e. equation (5b)) for y;;; are obtained by
replacing C; by C; and s by § in the above equations. In order to derive the system of equations
of order 4, inserting relations (23) into equations of condition ((6)—(22)) with s = 3 and
s = 4. The system of equations are obtained and listed in the following table.

s=3 s=4

Order 1

Ci+Cr+C3=1 (24) Ci+Cr+C3+Cs=1 (35)
Order 2

CaBo1 + C3(B31 + B32) = pa(y) (25) Caf21 + C3(B31 + B32) + Ca(Bar + Baz + Baz) = p2(y) (36)
Order 3

Cra3, + C3(o31 +an)? = % (26) Cr03, + C3(a31 +a3)? + Caloar + o + auz)* = % 37
C3BnBa = pa(y) 27 C3832821 + CaBaz a1 + CaPaz(B31 + B32) = pa(y) (38)
Order 4
Coo3y + C3(oz +az)’ = § (28) Ca03) + C3(a31 +a32) + Caloar +agp +a3)’ = 4 (39)
Cis(a3 +az) oz = pe(y) (29) CyazpB21 (31 + a3) + Caa Bo1 (a1 + aan + 43)
C3Bnal, = p1(y) (30) + Cao43(B31 + B32) (a1 + oap + 43) = pe(y) (40)
C3B3203, + CaPazad; + CaPaz(azr +a3)? = pr(y) 41)
C4Ba3P32B21 = ps(y) (42)
Order 5
Caagy + Ca(az +an)* = § (€1)) Ca03) + C3(a31 + a3)* + Caloar +aur +ag3) = § 43)
C3azf21 (31 +a32)?
+Caauz(B31 + B32) (aar +oap +a3)® = pro(y) (44)
Cs(a31 +ax)anfar = pro(y) (32) C3a2, B3 + Ca03, B2) + Cactan f21(B31 + B32)
+Caady (B3t + B2)* = pu(y) (45)
C3a3003, (31 + a32) + Caotapa (041 + g + 0t43)
+Caouz (o3t +32)? (ar +oup +ou3) = (46)
C3ad, B3, = pu(y) (33) Cyo3 P21 B2 (a1 + aan + ag3) = p13(y) 47)
C3a3, B3z + CaParad; + CaPaz(osr +a32)> = pra(y) (48)
Ciaxnal (a3 +axn) = % (34) Cyazf21B43(a31 +a32) = pi5(y) (49)

CsBa3Pnad; = pis(¥) (50)
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Applying condition (23) in the case of s = 3 equations (13), (18)—(22) are disappeared (8;; = 0,
for i < j), while in the case of s = 4 only equation (22) is disappeared, for the same reason,
from the above system of conditions. The system of conditions (33) and (34) for s = 3 and
the system of conditions (35)—(50) for s = 4 for the unknown constants can be solved, where
equations (35), (37) and (39) are combined using relations (23) and converted to the matrix
form as

1 1 1 C 1
0 Ol% oz% C, = % ,
0 o o C3+Cy }1
where
oy = 021, o3 = 031 + a3 and o3 = 04.
Solving this system of equations for the constants C; (i = 1,.. ., 4), we get
Ci—1 (Olg—ot;) o3 + o)
LT 3 — o) Aenes)?
C = 40[3 -3 (51)
T 120[%(0{3 —a)
—4ar +3
C3 + C4 — 205—2
120[3 (Ol3 - Olz)
Recalling equation (42)
P8
Bxnpr = =u, where B = for. (52)
CiBa3

The constants C;, C», C3 can be determined from equations (24), (26) and (27) which could
be represented in the following matrix form:

1 1 1 Ci 1
0 o | [Ca|= %
0 0 u C; pa(y)
Through solving this system for the constants (i = 1, 2, 3), we get
Crmio L M
1= 302 wu paly
_ 1 o?
Com % (53)
? 305 alu Pa(v)
(-:3 — P4(V).
u
Using equation (41) gives
C3Bs2 + CaPur = (p1(y) — CaBizes) [o; = v. (54)

Similarly, equations (25), (38) and (54) can be rewritten in the following matrix form:

(}1 C4_/343) (,32) _ <P4(J/))
C, GCs B3 p2(y)
and by solving this system for the constants 8; (i = 1, 2), we get

5 :E ~ CGuBss
2 Q134 o)

P2(7/)7 (5561)
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C2 v
B3 = —5174()/) - 51’2()/),
where
Q= vC3 — 62C4,343.
Also, by converting equations (40) and (41) to the matrix form
(& ) ()-C)
C; Cyi) \Ba v

and then solving this system for the constants 83, and f4,, we get

(55b)

(55¢)

(56a)

(56b)

(57a)

(57b)

5 u
2= ——
B2
—Uu C3 v
Bar = —.
2 Cafy  Cy
By inserting a3 = 0 and oy = a3, into equations (36) and (40), the following equations are
obtained:
p2(y) — Cofa — G35
By =
Cy
pe(¥)
o3 = ——————.
(C3+ Chazfa

The remaining free parameters, except y, can be chosen so that several equations of condition
of order 5, e.g. equation (48), are satisfied. Accordingly, equations (37), (39), (41) and (48)

could be written in the matrix form as

@ o o3 0 Cy 3
ag (xg (xg 0 G| %
0 Bnad Budd Budi||Cs)| | pr»)
0  Bna; Bpa; Bno; Ca p1a(y)
since
oz% a;". a% 0
Y U B PP

0 Bnal Bnal Pupai

0 Bpoy Buno; Pues

The last system is singular except when C3z = 0. On the other hand, C4 has no influence on the
truncation error; its value can also be chosen so that C3 = 0. Then equations (37), (39), (41)
and (48) can be rewritten in the matrix form where the values of C,, Cy4, C4 B4, and C4 B43 are
solutions of the linear system:

p1(y)

P1a(y)

@ o3 <C2 C4,342>=
o3 o) \Cs Cspas

By solving this system for the constants 83, 842, C2 and Cy4, we get

Bl= W=

40[3—3

Cr=—n 2
* T 12623 — o)

(58a)
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—40[3 +3

Cy = m (58b)
_a3p1(y) — pus(y)

Bar = Caa2(cs — ) (59a)

fus = —ayp7(y) — P14(V). (59b)

Cao3 (a3 — 02)

Depending on the free parameters o, and o3 and by substituting C4f43, from equation (59b)
into equations (52), (54) and (55¢), the values of the constants u, v and 2 were obtained.

Also, by using the value C4 B4, from equation (59a) and the value B3, from equation (56a)
the values of C3 and C,4 can be separately obtained by substituting into equation (54):

v — Cu4far
B

By applying a back substitution the values of 8, and f3 are obtained from equations (55a)
and (55b). The value of a3, from equation (57b) gives 31 = a3 — o3p. Similarly, from
equations (55b) and (56a) the value of B3 = B3 — B3, is obtained.

On the other hand, the value of B4, is obtained from equations (57a), (56b) and (59b)
where

Cs =

Ba1 = B4 — Baz — Ba3.
Since B;; = a;; + y;; the values of the following constants are easily obtained:
Y21 = B2 — 21, Y31 = B31 — a3, Y32 = B3 — a3, Ya1 = Ba1 — a4
Va2 = Bax — g2, Va3 = Baz and ag3 = 0.

The remaining free parameters, except ¥, can be chosen so that again several equations of
condition of order 5, here equation (43), are satisfied.
For a5 # a3 equations (35), (37), (39) and (43) possessed a solution, iff

1 1 1 1
0 o o 14

det > 0 =0
0 o o I
0 o of %

Therefore,

11

a3 =17 (60)
17 3%

The choice of «;, for most of the popular previous Rosenbrock methods has one degree of
freedom, i.e. one free parameter. In the present study, further free parameters can be determined
so that several orders of conditions of order 5 (e.g. equations (43) and (48)) are satisfied. The
remaining free parameters are chosen so that it has two degrees of freedom; to do this let
oy = ey, where ¢ and y are constants that essentially determine the stability properties.

2.2. Inner and outer iterations

In the previous section, the free parameters o5, ¢ and y are chosen under the condition

0<a <1, i=2,...,5. (61)
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This restriction is merely required for the evaluation of the right-hand side of the differential
equation in the integration interval, which represented a good restriction for the free parameters
o, and az, i.e.

0<a <1, 0<as < 1. (62)

The present study on the free parameter y shows that the value of y € [0.376, 0.399] gives
o3 < 0 which contradicted with the above restriction, while the value of y € [0.0, 0.374] U
[0.401, 1.5[ satisfied the restriction (61) and good results are obtained with different A(x)
stabilities.

To generalize and check the stability of the method at different points along the interval
[0, 1] different methods with the value of «; are proposed.

Substituting equation (60) into equation (61) gives

0<

The last inequality determines the range of «; so that
ay €[0,0.6]U[0.8, 1. (63)

The new parameter ¢ is introduced so that outer iteration is performed and then the stability and
truncation error are estimated; consequently outer iteration on y is carried out. The parameter
o satisfying (63) in terms of the arbitrary constant ¢ resulted in
0.6 08 1
£ € [O, 7] U [7, ;[ (64)
These new parameters ¢, y and «; enable choosing and optimizing some features of the
process, e.g. stability, accuracy and efficiency.

2.3. Stability of the GRK (ROW) method

Stability properties of the ROW method of order >s have been studied [9] and we now quote
the obtained results which have been modified slightly in order that it can be applicable to a
wide range of interval. Some care must be taken when selecting a value of y or ¢ which is at
the boundary of A(«) stability domain, since a small change in y or € can cause change in «
and less stability is obtained.

To compute the stability function R(z) for generalized Runge—Kutta schemes, consider
Dahlquist’s test equation

Y =2y, y(x0) = Yo, reC, Yo € C, y:R—->C

that is a set of independent equations each of the form z; = A;z;. In a general nonlinear
/

d
equation, }; is identified with the eigenvalues of the Jacobian al These values determine the

local behaviour of the system to a first approximation. The eigenvalues A; may of course be
complex.

Since f'(y) = A, itholds K; = R;(z)yo, z = Ah, where R;(z) are rational functions with
a denominator (1 — yz)" and a degree of numerator <i; thus the numerical solution y;, from
equation (2) is

yn = R(2)yo (65)
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Table 1. A(w) stable and the coefficient set for different values of y.

y 0.2 0.21 0.22 0.23 0.24 0.25
a(s=4) A(0) 89.32° 89.55° 89.39° 88.82° 86.53°
Coefficients

Y21 —0.25999999 —0.26721078 —0.27124706 —0.27095488 —0.26468569 —0.249999 94
V31 —0.69508535 —0.24634063 0.061981 38 0.29129744 0.47374779 0.630000 59
Y32 0.879633 19 0.469 196 80 0.20301175 0.02302021 —0.09929878 —0.18000042
12351 0.703998 21 0.574 987 59 0.440 136 64 0.297613 14 0.14356555 —0.03000032
Y4 —0.83715105 —0.71509421 —0.59229654 —0.47008789 —0.35007429 —0.23399979
V43 —0.05714285 —0.07363635 —0.09096771 —0.10931036 —0.12888888 —0.149999 99
o] 0.400 000 00 0.41999999 0.440 000 00 0.460 000 00 0.479999 99 0.500 000 00
3] —0.54227382 —0.39018440 —0.24118775 —0.09586394 0.044 874 49 0.180000 25
a3 1.399416 69 1.25382078 1.112 15556 0.97517425 0.844014 35 0.719999 73
Bas 0.000 000 00 0.000 000 00 0.000 000 00 0.000 000 00 0.000 000 00 0.000 000 00
Cy 0.16435218 0.18353939 0.200 644 25 0.21603155 0.229998 71 0.242798 45
Cy 0.48828125 0.484 02792 0.483279 50 0.485803 54 0.49142623 0.499 999 94
Cs 0.000 000 00 0.00000000 —0.00000001 0.000 000 00 0.000 000 00 0.000 000 00
Cy 0.347 366 90 0.332432 66 0.31607592 0.298 165 14 0.27857515 0.25720167
C, —1.00828445 —0.88024330 —0.78663242 —0.72203755 —0.68512738 —0.67901266
C, 1.987390 16 1.87733102 1.808 86078 1.777327 06 1.78324723 1.83333373
C; 0.020 894 27 0.00291226 —0.02222837 —0.05528946 —0.09811992 —0.15432112

with the stability function

R(z) = 1+ZCiRi(Z) = %'

For a rational approximation in equation (65) of order p, the stability function of a ROW
method with order p > s is given by

Yo LT () v

i=1

R(z) = ,
(2) T=y2r (66)
j i IR AES
where L/(z)=)_(=1) R
n=0 :

which stands for the generalized Laguerre polynomials [25]. R(z) was a rational
approximation to e* of order >s. By means of the stability function, some stability properties
could be characterized very conveniently.

One has stability at infinity, iff lim,_, o, |R(z)| = |LS(%)| <1, where L, = L§°).

For y > 0, a method (3) will be A-stable, iff |[R(iy)|] < 1 for y € i and method (3)
will be A()-stable iff |R(z)| < 1 Yo € (0,%), for z € S(a), where S(a) = {z € C,
Re(z) < 0 p 0 < |arg(—z)| < «}. The method is A(0)-stable if there exists an « € (0, %)
such that R(z) is A(x)-stable.

Table 1 shows the stability of third- and fourth-order methods within the interval (0.2,
0.25). Fory €(0.2,0.25), L3 (%) is small, and the stability region of the third- and fourth-order
methods is very large, table 1, see also figure 1 for Laguerre polynomials. A coefficient set
is also listed in table 1 for different values of y. For choosing y and/or ¢ besides stability
consideration the truncation error is taken into account in the inner and outer iterations which

is important for a valuable application.
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Figure 1. Laguerre polynomials.

3. Point reactor Kinetics equations

The point reactor kinetics equations for the six group of delayed neutrons with feedback are

written as
¢
dN(@#)  p(N,t)— B
= N(t LiCi(t
" - ()+§ 0
dc;r) B .
= —N(t) — 1Ci (1), =1,2,...,¢
” S ) () i
do
— =1.0,
dr

(67)

(68)

(69)

where the notations are usual [17-20], p(N, ¢) is in general a function of time and neutron
density or fuel temperature in feedback problems. The quantities N(¢) and C;(¢) are, in
general, functions of time ¢, and %;, §; and A are assumed constants. The dependent variable
0 has been appended to the system of the point kinetics equations to convert the system to

autonomous one, so the system dimension of the method will be n x n matrix.

Let y* denote the kth component of a vector y; then the following correspondence is

established:
Y =N@, Y= G, k=2,...,(+0), y
With these, the vector f(y) from equations (67)—(69) will be

4
oy y @) -8 | 1
PSS )
i= f
fo) = X ny?
Be 1 . £+1) f([+1)
_&’ _ +
Ay )"Zy f(€+2)

1
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and the Jacobian matrix will take the form

r (42 )1 -
Loy ™ =l o Ly
b 0 - 0 0
[y = 0 0 R 0 0
b 0 0 —
i 0 0 0 - 0 i

By denoting the matrix [I — Ay f'(y9)] by A, we get

_ _%[,O(yl’y“ﬂ))—ﬂ] —DpAl —PpAr —phe _prlay?ﬁz)
—pB
A= Ip\z 0 1+p)\_2 0 0 ’
%ﬁl 0 0 L+ phe 0
L 0 0 | |

where we have made p = hy.

The algorithm for calculating y; given y; consists in determining K; using equations (4),
evaluating y;,; and y;,; by means of equations (5a) and (5b) with y! as the controlling variable.
The algorithm is coded in Visual FORTRAN for a personal computer as shown in figure 2.
To assess the method, a set of problems described in the published reference is used, this set
included step, ramp, zigzag ramp input reactivity and compensated reactivity feedback to the
six-delayed group equation.

4. Numerical examples and discussions

The new group of coefficients is coded and applied to the point kinetics equations for different
types of reactivities. The accuracy of the neutron flux is tested using the new set of coefficients
with two different types of iterations, inner and outer iterations, for the free parameters y and/or
¢ and «y;. The first iteration on y lies within the range of interval [0.20, 0.25], while the
second one is chosen so that ay; € [0, 0.6] U [0.8, 1]; exact results are obtained at the end of
the first interval when o5, is near 0.6. A new family of GRK groups (equations of condition)
are calculated and applied to the point kinetics equations. The best value of the new set of
coefficients is denoted by GRK4-H which corresponds to y = 0.25 with the free parameter
a1 = 0.56. For y = 0.25 the fourth-order method is A(86.53°).

The generalized Runge—Kutta technique with the new set of coefficients is tested for
different types of problems and the results are compared against those obtained from the other
methods. The problems include step reactivity insertion, ramp input, oscillatory reactivity and
finally reactivity feedback for average one group and six groups of delayed neutrons. These
problems will be discussed in the following sections.

4.1. Step reactivity input

To check the accuracy of the algorithm, the code is applied to different points of step
reactivity. This case corresponds to a negative step insertion of reactivity of 0.007$
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Figure 2. Block diagrams for the method of calculation.

in a thermal reactor [23]. The obtained results are shown in table 2. Calculations
are made using the developed method of the new groups of coefficient sets GRK4-H.
Comparison is made using the reactor kinetic data described as A = 0.00002 s, B, = 0.007,
B:=(0.000 266, 0.001 491, 0.001 316, 0.002 849, 0.000 896 and 0.000 182) and A, = (0.0127,
0.0317,0.115,0.311, 1.40 and 3.87) s~

4.2. Ramp reactivity input

The reactivity case of a linear function of times (the so-called ramp input) is considered
as an example of time-dependent reactivity. Comparisons are made with a ramp variation
defined as p = pg + pt for the different time-dependent reactivities. The values of the
parameters used in this example were A = 1.0 x 10™* s, By, = 0.0064, 8; = (0.000211,
0.001 402, 0.001 254, 0.002 528, 0.000 736 and 0.000 269) and A; = (0.0124, 0.0305, 0.115,
0.301, 1.138 and 3.01) s~!. The reference of N(f) values is that reported in [26] with the exact
value calculated at t = 0.35 s and the results are listed in table 2.

4.3. Oscillatory reactivity

In this case, the reactivity p(¢) is a function of time given as p(t) = £ sin(¢) which differentiated
and inserted into the matrix A = I — Ay f’(y). The parameter £ is a positive number that



1872

A E Aboanber

Table 2. Negative step insertion of reactivity of 0.007$ for a thermal reactor [23].

y Inner ar; Outer  Step Ramp Oscillatory ~ Feedback
Iteration  Iteration reactivity  reactivity reactivity reactivity
0.201 0.008 45083  —2.12445 x 10'2  3.31 24214 x 101
0.016 45087  —2.07300 x 10> 3.30 24211 x 101
0.024 4.5087 1.000235 3.30 2.4208 x 101
0.032 4.5087 1.003 385 Exact 2.4206 x 10!
0.376 Exact Exact Exact 2.4199 x 101
0.6 Exact Exact Exact 2.4198 x 101
0.808 Exact 1.003392 Exact 24201 x 10!
0.824 Exact Exact Exact 2.4199 x 10!
1.0 Exact Exact Exact 24198 x 10'!
0.202 0.008 45083  —1.8328 x 10'2 3.31 24214 x 101
0.016 45087  —1.7677 x 10 3.30 24211 x 101
0.024 4.5088 1.000758 3.30 2.4208 x 10
0.032 Exact 1.003 385 Exact 2.4206 x 101
0.376 Exact Exact Exact 2.4199 x 10!
0.6 Exact Exact Exact 24198 x 10!
0.808 Exact 1.003 392 Exact 2.4201 x 101
0.84 Exact Exact Exact 2.4199 x 101
1.0 Exact Exact Exact 2.4198 x 101
0.25 0.008 45083  —5.58435x 10 331 24213 x 101
0.016 4.5087 1.002 304 3.30 24211 x 101
0.024 4.5087 1.003 384 3.30 2.4208 x 10!
0.032 4.5088 1.003 386 Exact 2.4206 x 101
0.376 Exact Exact Exact 2.4199 x 10'!
0.6 Exact Exact Exact 2.4198 x 10'!
0.808 Exact Exact Exact 2.4201 x 101
0.84 Exact Exact Exact 2.4199 x 10'!
1.0 Exact Exact Exact 2.4198 x 101
PWS - 4.5088 1.003 394 3.29 2.214400 x 10!
Exact - 4.5088 1.003 394 3.29 2.420364 x 101
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Table 3. Compensated response to ramp function reactivity.

Time to the
a b Method First peak first peak Flux TC
0.1 1 x10°1 PWS 2.3957590 x 10'! 0.22470 1.006 6510 x 100 3.02
GRK4-A 24649574 x 101 0.22626 1.006 6499 x 1010 433
GRK4-T 24652371 x 10!! 0.22626 1.006 6500 x 10'© 433
GRK4-H 2.4654628 x 101! 0.22626 1.006 6501 x 10'© 433
(at r = 2.0727)
1x10°13 PWS 2.866 6680 x 103 0.23580 1.006 6520 x 102 2.96
GRK4-A 2.9580990 x 10'3 0.240 66 1.006 6480 x 102 4.44
GRK4-T 2.9580157 x 1013 0.240 66 1.006 6480 x 10'2 4.44
GRK4-H 2.9577276 x 1013 0.240 66 1.006 6482 x 102 4.44
(at r = 2.0727)
0.01 1 x 1071 PWS 2.0064920 x 10'0 1.106 10 1.026 3960 x 10° 2.58
GRK4-A 2.0232131 x 1010 1.107 36 1.0246410 x 10° 5.21
GRK4-T 2.0232020 x 100 1.107 36 1.024 6424 x 10° 5.21
GRK4-H 2.0232065 x 100 1.107 36 1.024 6394 x 10° 5.21
(at r = 2.0727)
1x10°13 PWS 2.4831920 x 10'2 1.15520 9.6705500 x 100 2.74
GRK4-A 2.5061997 x 102 1.156 68 9.6374374 x 100 4.44
GRK4-T 2.5061921 x 102 1.156 68 9.6374817 x 100 4.44
GRK4-H 2.506 1852 x 10'2 1.156 68 9.6374301 x 100 4.44
(at r = 2.0727)
0.001 1x10°1 PWS 1.2740690 x 10° 7.488 00 1.921 2660 x 108 9.06
GRK4-A 1.276 0915 x 10° 7.48728 1.9207147 x 108 4.66
GRK4-T 1.276 1036 x 10° 7.48728 1.9207122 x 108 439
GRK4-H 1.276 0943 x 10° 7.48728 1.9206984 x 108 439
(atr=9.0)
1x10°13 PWS 1.721 0060 x 10! 7.682 60 2.004 6470 x 100 9.11
GRK4-A 1.7245128 x 10 7.68204 2.0040163 x 10'° 4.61
GRK4-T 1.7245159 x 10! 7.68204 2.0040077 x 1010 4.61
GRK4-H 1.7245002 x 10! 7.682 04 2.0039905 x 100 4.61
(at r =9.0)

TC = Total calculation time (s).

represented the magnitude of the variable part of the excess reactivity in dollars. It should be
assumed sufficiently small if compared to unity. The values of the parameters used in this
example are A = 1.0 x 107*s, Bt = 0.006 45, 1 = 0.6$, B; = (0.00021, 0.001 41, 0.001 27,
0.002 55, 0.000 74 and 0.00027) and A; = (0.0124, 0.0305, 0.111, 0.301, 1.13 and 3.0) s~ ..
The numerical results for this case are tabulated in table 2. A comparison is made att = 2.26 s
with the previously obtained results from other analytical methods.

4.4. Compensated reactivity

In this example, the transient with feedback for six delayed groups is coupled. The following
case is chosen from the work conducted by Keepin and Cox [27]:

p(t):O.lt—lO_“/ N dr'. (70)
0

The delayed group parameters are 8; = (0.00021, 0.001 41, 0.001 27, 0.002 59, 0.000 74 and
0.00027), A; = (0.0124, 0.0305, 0.111, 0.301, 1.13 and 3.0) s~! and the generation time is
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A =5.0 x 1073 s. Then the new set of coefficients is applied to the point kinetics equations
with feedback reactivity; the solution over a time interval is considered and constructed by
making use of the solution at the end points of the time interval, so that the feedback reactivity
would be easily computed via an iterative process. Results for this case are shown and
compared in table 2. The developed new technique offers several values of the solutions at the
same time ¢ with error not exceeding 1074,

4.5. Comparisons of the numerical (GRK4-H) and the analytical (PWS) methods

The accuracy of the neutron flux is obtained with the adopted GRK4-H method and the power
series (PWS) [19, 20] method. The following examples represent the point kinetics equation
with different types of reactivity feedback.

Casel. Inthis example, the treatment of the GRK4-H method is established within the range
of stability interval using the inner and outer iterations. This case is also chosen from the work
of Keepin [27] as

pt) =a(t) +b(t)/ N(t")dr, (71)
0

where a(t) represented the impressed reactivity variation (generally polynomial in 7), and b(¢)
is the ‘shutdown coefficient’ of the reactor system. It is usually taken as a negative constant of
magnitude ranging from 10~!3 cm? s~! for slow system to 10~7 cm?® s~! for fast metal systems.
The results of comparison for this case are shown in table 3.

Case II. In this case, prompt point reactor equations are solved for the ramp reactivity
insertion with a linear temperature feedback and described in the following table.
Mathematical treatments of the adiabatic model system without delayed neutrons.

System of equations GRK solution

L = PN/ A V=N =T,y =1
pt)=at+b[T () —T(0)] a(t)N(t) +eN@)T(t)
0 = LN@) = HN(1) o= ( HN(1) )
¥ =10 1
Rearrangement The Jacobian matrix takes the form

PO = w(t)N (1) +eT (N (1),

bT ()N
a) = § - R e =%

where b is the temperature coefficient
of reactivity anda = p(0), the

initial conditions are given by
a=10"2b=—-10"4K"!,

T(0) = 300K, N(0) = 10°
H=10""Ks!,A=10"3s

at)+eT(t) eN@) KN
f’()’)=( H 0 0 )

0 0 0

The matrix A =1 — pf'(y)
1—pa@®) +eT() —peN@) —LN@)
A= —pH 1 0 ,
( 0 0 1 )
p=hy
Using the system of equations (4) and substituting into
equation (2), the neutron density is obtained.

Comparisons are made between four such cases, GRK4-A, GRK4-H, PWS methods and the
exact values of the power density and the temperature at t = 0.41 s and # = 0.82 s. The results
are listed in table 4.
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Table 4. Results for a ramp reactivity insertion with a linear temperature feedback at t = 0.41 s.
and r = 0.82 s [28].

t=0.41 t=0.82

Method h N(1) T(1) TC(s) N9 T(1) TC(s)

GRK4-A  1.64 x 107®  6484.7650 2053327  1.59 10.02553  409.4142 2.63
GRK4-H 1.64 x 1076 6484.752 205.3330  1.59 10.02572  409.4140 2.63
P.W.S% 0.001 6484.5290  205.3443 0.1 9.99955 409.8737  0.21
EXACT ... 6484.5723 2053451 ... 10.0 409.8754

2 Here N(¢), T(f) has been calculated with power series method.

5. Conclusions

A time-dependent reactivity inserted into a point reactor is coupled multiplicatively with the
neutron density to form a set of linear and/or nonlinear systems of equations with time-
dependent coefficients. In the present work, a new GRK method has been developed by
introducing two free parameters which could be used to optimize any desired feature in the
process. Inner and outer iterations are applied over a wide range of interval and the stability
of the resulted parameters is tested to generate a new set of coefficients which, in turn, are
applied to the point kinetics equations. The presented method has the ability to reproduce
all features of the transients in the solutions. In addition, it is applied to several types of
step, ramp input and periodical reactivity changes. The formalism is also well applicable to
nonlinear problems, where the reactivity depends on the neutron density through temperature
and thermal hydraulic reactivity feedback. For further validity and accuracy verification of
the developed method, comparisons are made with a number of other accurate analytical and
numerical methods.

The A(«) stability properties of the method are studied, which resulted in the development
of the GRK4-H method with the free parameter y = 0.25 which corresponding to A(86.53°)
stability gives more accurate results for the point kinetics equation. It is applied to two cases of
feedback problems and the results are comparable with those obtained by GRK4-A, PWS and
exact solutions. Finally, it can be concluded that the new developed methods for the solution
of the point kinetics equations are more elegant, more general and more powerful than other
conventional methods.
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